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Abstract:We give a new integrable boundary condition in affine Toda theory which
is soliton-preserving in the sense that a soliton hitting the boundary is reflected as a
soliton. All previously known integrable boundary conditions forced a soliton to be
converted into an antisoliton upon reflection. We prove integrability of our boundary
condition using a generalization of Sklyanin’s formalism.
1. Introduction
Associated to every complex affine Lie algebra gˆ there is an integrable relativistic
field theory in 1+1 dimensions, called affine Toda theory, described by the equations
of motion
φ¨− φ′′ +m2
n∑
i=0
ηiαie
αi·φ = 0. (1.1)
Here φ is an n-component bosonic field, where n is the rank of gˆ. αi, i = 1, . . . , n
are the simple roots of the finite dimensional Lie algebra g underlying gˆ and α0 =
−
∑n
i=1 ηiαi is the extra simple root that needs to be added to obtain the extended
Dynkin diagram of gˆ. We have defined η0 = 1. m is a mass parameter and we will
choose units so that c = m = 1 throughout this letter. We have rescaled the fields
so that the coupling constant β of affine Toda theory does not enter the equations
of motion. The simplest affine Toda theory is that for g = sl(2) which is the sinh-
Gordon theory (or the sine-Gordon theory after rescaling the field by a factor of i).
For a review of affine Toda theory see for example [5].
The integrability of affine Toda theories manifests itself in the existence of soliton
solutions [13, 18]. These are kink configurations interpolating between different min-
ima of the potential. The potential corresponding to the equations of motion (1.1)
is V [φ] =
∑n
i=0 ηi
(
eαi·φ− 1
)
and its degenerate minima are at φ = 2piiλ where λ
are the coweights of g. The special property of solitons is that when two of them
meet they pass through each other and reemerge with their original shape. In the
quantum theory the solitons give rise to particle states and their S-matrices have
been determined [14, 10].
The first affine Toda theory to be
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Figure 1: Soliton with mirror antisoliton
satisfies Neumann condition (1.3).
studied in the presence of integrable bound-
aries was the sine-Gordon theory [12, 16,
19]. The first necessary step to extend
this to higher affine Toda theories is to
find those boundary conditions which pre-
serve integrability. This was done by the
Durham group in [4, 6] by studying the
first higher-spin integrals of motion and then more systematically in [1] by construct-
ing the generating functional for all higher-spin integrals of motion using a Lax pair
construction. They find integrable boundary conditions of the form
∂xφ|boundary =
n∑
i=0
Ai
√
2ηi/|αi|2αi e
αi·φ/2
∣∣∣∣∣
boundary
. (1.2)
The coefficients Ai specify the boundary condition. In the sine-Gordon model the
Ai are allowed to take arbitrary values but in all other affine Toda theories either all
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the Ai must be zero (the Neumann boundary condition) or else most of the Ai are
restricted to be ±1 if integrability is to be preserved [1].
The existence of an infinite set of integrals of motion in involution is one hallmark
of integrability, the existence of soliton solutions is another. In [7] we showed that
it is indeed possible to construct soliton solutions satisfying boundary conditions of
the form (1.2). We used a method of mirror images. Let us recall our method in
the simplest case of the Neumann boundary condition ∂xφ = 0 at x = 0. Under
parity reversal φ(x)→ φ˜(x) = φ(−x) a soliton with center of mass X moving with
velocity v is transformed into an antisoliton with center of mass −X and velocity
−v. Therefore if φ describes a multisoliton configuration in which every soliton is
paired with an oppositely moving antisoliton centered around the parity-transformed
point, then φ is invariant under parity,
φ(−x) = φ(x) and thus ∂xφ(x = 0) = 0. (1.3)
Viewed on the left half line such a configuration describes solitons hitting the bound-
ary and coming back as antisolitons. This is described schematically in figure 1.
In this letter we want to find a bound-
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Figure 2: Soliton with mirror soliton satis-
fies the new condition (1.4).
ary condition which ensures that soli-
tons come back as solitons after reflec-
tion. Thus we want a condition which
selects those multisoliton solutions on
the whole line in which each soliton is
paired with a mirror soliton rather than
a mirror antisoliton, see figure 2. Using
the observation that complex conjugation transforms a soliton configuration into an
antisoliton configuration we see that the appropriate modification of the condition
(1.3) is
φ∗(−x) = φ(x) + 2piiλ with λ ∈ coweight lattice of g. (1.4)
The freedom is due to the fact that adding 2pii times a coweight to a soliton solution
gives an equivalent soliton solution. The boundary condition corresponding to (1.4)
is
Im(φ)
2pi
∣∣∣∣
boundary
∈ coweight lattice of g and ∂xRe(φ)|boundary = 0, (1.5)
It is a combination of a Dirichlet boundary condition for the imaginary part of the
field and a Neumann boundary condition for the real part.
In the sine-Gordon model the field is purely imaginary (in our conventions).
Thus in that case the boundary condition (1.5) is simply a Dirichlet condition which
was known to be integrable. In general affine Toda theories one has to include
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complex field configurations in order to have solitons. The boundary condition (1.5)
is the integrable generalization of the Dirichlet condition. Note that unlike in the
sine-Gordon case there is no free parameter in the boundary condition (1.5).
It is intuitively clear that the new boundary condition (1.5) preserves exactly
half of the infinitely many conserved charges of the theory on the whole line: when a
right moving soliton is about to leave the left half line and to carry some charge away
with it, a left moving soliton is moving onto the left half line. If a left moving soliton
carries the same amount of charge as a right moving one, then the amount of charge
on the left half line will be conserved. This is so exactly for half of all the charges.
In the following sections we will go beyond this intuitive argument and construct
a generating functional for the integrals of motion. We will use a generalization
of Sklyanin’s formalism [20], which we find conceptually slightly simpler than the
approach of [1], and which works for intervals as well as the half line. We will also
review the Durham boundary conditions in this formalism. The reason why the
boundary condition (1.5) was not discovered in [1] is that there the field was always
restricted to be purely real.
2. Sklyanin’s formalism for integrable field theories with bound-
aries
Sklyanin’s original presentation of his method in his two page paper [20] is very
succinct and clear. We present it here in a slightly generalized form needed for affine
Toda theory. The method applies to spin chains as well as to field theories in two
dimensions, we concentrate on the later.
It is assumed that there exists a pair of functions ax(λ) and at(λ) which take
their values in some Lie algebra g and which depend on the fields of the theory,
their conjugate momenta, and on an extra real parameter λ, so that the equations of
motion of the field theory on the whole line are equivalent to the Lax pair equation
[∂x + ax(λ), ∂t + at(λ)] = 0 ∀λ. (2.1)
The utility of the extra parameter λ, called spectral parameter, will become apparent
later. ax and at depend on x and t only implicitly through their dependence on the
fields. ∂x and ∂t denote total differentiation with respect to the space or time variable.
A concrete example of a Lax pair will be given for affine Toda theory in eq.(3.1). If
ax and at are thought of as the components of a connection then eq.(2.1) is the zero
curvature condition for this connection.
It is furthermore assumed that the canonical Poisson brackets for the fields give
rise to Poisson brackets for the functions ax(λ; x) of the form{
1
ax (λ1; x),
2
ax (λ2; y)
}
= δ(x− y)
[
r(λ1/λ2),
1
ax (λ1; x)+
2
ax (λ2; y)
]
. (2.2)
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This is to be understood as an equation in (g⊕ 1)⊗ (g⊕ 1). We used the shorthand
notation
1
ax= ax ⊗ 1 and
2
ax= 1 ⊗ ax. r is an element of g ⊗ g which satisfies the
classical Yang-Baxter equation. It is assumed to be constant and independent of the
fields. In [20] Sklyanin requires that the r-matrix satisfies r(λ) = −r(1/λ). We drop
this requirement because it is not essential and is not satisfied by the r-matrix (3.4)
of affine Toda theory.
We now restrict the theory to an interval [x−, x+]. We define the ”transfer
matrix” T (λ) as the path ordered exponentials of ax from x− to x+,
T (λ) = P exp
(∫ x+
x
−
ax(λ, x) dx
)
. (2.3)
The path ordered exponential is defined so that the operators at points nearer to x+
are further to the left. These T (λ) satisfy
∂x+T (λ) = ax(λ; x+)T (λ), (2.4)
∂tT (λ) = at(λ; x+)T (λ)− T (λ)at(λ; x−). (2.5)
The Poisson bracket relation (2.2) leads to{
1
T (λ1),
2
T (λ2)
}
=
[
r(λ1/λ2),
1
T (λ1)
2
T (λ2)
]
. (2.6)
In practice one will often work in a specific chosen representation of g. We will use the
same symbols for Lie algebra valued objects and for the corresponding representation
matrices.
Following Sklyanin one can prove the following proposition by straightforward
calculation.
Proposition 1 Let the Lax connection aµ(λ), the transfer matrix T (λ) and the r-
matrix r(λ) be defined as above, but now written as matrices in some chosen repre-
sentation. Let σ be a linear or anti-linear involutive anti-automorphism of the Lie
algebra g. Let K±(λ) be two matrix valued functions of the spectral parameter λ, not
depending on the fields or space-time, satisfying the classical reflection equations
0 =
1
K+ (λ1)
2
K+ (λ2)r(λ1/λ2) + r
σ1σ2(λ2/λ1)
1
K+ (λ1)
2
K+ (λ2)
+
1
K+ (λ1)r
σ2(λ1λ2)
2
K+ (λ2)+
2
K+ (λ2)r
σ1(1/(λ1λ2))
1
K+ (λ1), (2.7)
0 =
1
K− (λ1)
2
K− (λ2)r
σ1σ2(λ1/λ2) + r(λ2/λ1)
1
K− (λ1)
2
K− (λ2)
+
1
K− (λ1)r
σ1(λ1λ2)
2
K− (λ2)+
2
K− (λ2)r
σ2(1/(λ1λ2))
1
K− (λ1), (2.8)
where by rσ1 we mean the result of acting with the involution σ on the first factor of
r and similarly for rσ2 and rσ1σ2. Then:
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a) The function
T (u) = T (λ)K−(1/λ)T
σ(1/λ) (2.9)
obeys the Poisson bracket relation
{
1
T (λ1),
2
T (λ2)
}
= r(λ1/λ2)
1
T (λ1)
2
T (λ2)+
1
T (λ1)
2
T (λ2)r
σ1σ2(λ2/λ1)
+
2
T (λ2)r
σ2(λ1λ2)
1
T (λ1)+
1
T (λ1)r
σ1(1/(λ1λ2))
2
T (λ2). (2.10)
b) The quantities
τ(λ) = tr (K+(λ)T (λ)) = tr (K+(λ)T (λ)K−(1/λ)T
σ(1/λ)) (2.11)
are in involution for any two values of the spectral parameter,
{τ(λ1), τ(λ2)} = 0, ∀λ1, λ2 ∈ R. (2.12)
c) If the the boundary conditions on the fields at x− and x+ are such that they
lead to
K+(λ)at(λ; x+) + a
σ
t (1/λ; x+)K+(λ) = 0, (2.13)
K−(λ)a
σ
t (λ; x−) + at(1/λ; x−)K−(λ) = 0, (2.14)
then the quantities τ(λ) defined in eq.(2.11) are time conserved,
d
dt
τ(λ) = 0, ∀λ ∈ R. (2.15)
One obtains Sklyanin’s result [20] from this by choosing the anti-automorphism
σ to be the antipode 1 and by assuming that r(1/λ) = −r(λ). Sklyanin [20] writes his
formulas in terms of an additive spectral parameter u rather than the multiplicative
spectral parameter λ = eu which we use. The generalization of allowing antiauto-
morphisms other than the antipode was suggested to us by a similar generalization
of the quantum reflection equation [15]. Something similar has also been found in
[3].
The proposition implies that we can take τ as the generating functional for the
integrals of motion in involution. If τ(λ) has a non-trivial dependence on λ so that it
generates an infinite number of independent integrals of motion, the field theory on
the interval [x−, x+] with equations of motion given by (2.1) and boundary conditions
given by (2.13) is integrable.
1The antipode acts on Lie algebra elements by multiplying them by −1 and thus acts on group
elements by sending them to their inverse.
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3. Lax pair and r-matrix for affine Toda theory
The Lax pair for the Toda theory based on an untwisted 2 affine Lie algebra g(1)
takes values in the finite dimensional Lie algebra g, [17]
at(λ) =
1
2
∂xφ ·H+
n∑
i=0
√
ηiα2i /8 (λEαi − 1/λE−αi) e
αi·φ/2,
ax(λ) =
1
2
∂tφ ·H+
n∑
i=0
√
ηiα
2
i /8 (λEαi + 1/λE−αi) e
αi·φ/2. (3.1)
Substituting the expressions (3.1) into the zero curvature condition (2.1) and using
the Lie bracket relations
[H, Eα] = αEα, [Eα, Eα] = 0, [Eα, E−α] =
2
α2
α ·H. (3.2)
reproduces the equations of motion (1.1).
The canonical equal-time Poisson bracket relations
{φa(x, t), ∂tφb(y, t)} = δabδ(x− y) (3.3)
lead to Poisson brackets for the ax of the form (2.2) with the r-matrix [17]
r(λ) ∝
λh + 1
λh − 1
n∑
a=1
Ha ⊗Ha −
2
1− λh
∑
α>0
α2
2
λl(α)Eα ⊗ E−α
+
2
1− λ−h
∑
α>0
α2
2
λ−l(α)E−α ⊗ Eα, (3.4)
where the generators are chosen so that tr(HaHb) = δab and tr(EαE−β) = 2δαβ/α
2.
4. Durham boundary conditions
We can obtain the Durham boundary conditions (1.2) from the Sklyanin formalism
by choosing the anti-automorphism σ as transposition, acting on the Lie algebra
generators as Etα = E−α and H
t = H . The condition (2.13) for K+ becomes
[
K+(λ),
1
2
∂xφ ·H
]
+
+
[
K+(λ),
n∑
i=0
√
ηiα2i /8 (λEαi − 1/λE−αi) e
αi·φ/2
]
−
= 0 (4.1)
at x = x+. This is exactly the same as equation (3.14) in [1] if one makes the
identification K+ = K
−1 and uses that ∂B/∂φ = −∂xφ. In [1] this equation was
derived by a different formalism in which the Lax pair condition gives both the
2A restriction which we make only for compactness of presentation
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equations of motion and the boundary conditions. The results of the Durham group
show that there exists a K+(λ) satisfying eq.(4.1) only if the boundary condition
is of the form eq.(1.2) with very restricted choice for the coefficients Ai and that
such a K+(λ) automatically satisfies the reflection equation (2.7) (Equation (4.8) in
[1] is equivalent to our eq.(2.7) because the Toda r-matrix has the property that
rt1t2(λ) = −r(1/λ)). The simplest solution is of course K+(λ) = 1 which solves (4.1)
when the boundary condition is ∂xφ(x+) = 0.
If K+(λ) is a solution of eq.(2.13) then K−(λ) = K+(−1/λ) is a solution of
eq.(2.14) with the same boundary condition. This is so because att(−λ) = at(λ).
This K−(λ) satisfies the reflection equation (2.8) because r
t1t2(λ) = −r(1/λ). Thus
affine Toda theory is integrable on any interval [x−, x+] with boundary conditions of
the form (1.2) at both ends, where the coefficients Ai do not have to be the same
at the two ends (but of course independently have to obey the restrictions of [1]).
The Durham group dealt only with the half line which can be obtained by choosing
K− = 1 and taking the limit x− → −∞.
5. The soliton-preserving boundary conditions
We will now choose the anti-automorphism σ to be hermitian conjugation †, defined
by its action on the Lie algebra generators E†α = E−α, and H
†
a = Ha. It differs
from transposition only in that any coefficients of Lie algebra generators will be
complex conjugated and thus in particular (φ ·H)† = φ∗ ·H. The condition (2.13)
of compatibility of the K-matrix with the Lax connection therefore reads
0 =
[
K+(λ),
1
2
∂xRe(φ) ·H
]
+
+
[
K+(λ),
n∑
i=0
√
ηiα2i
8
(
λEαi −
1
λ
E−αi
)
Re(eαi·φ/2)
]
−
(5.1)
0 =
[
K+(λ),
1
2
∂xIm(φ) ·H
]
−
+
[
K+(λ),
n∑
i=0
√
ηiα2i
8
(
λEαi −
1
λ
E−αi
)
Im(eαi·φ/2)
]
+
(5.2)
at x = x+. If one imposes our new boundary condition (1.5) then these equations
are solved by K+ = 1 which is also a solution of the reflection equation (2.7). This
proves integrability of the condition (1.5).
Also the K-matrices found by the Durham group can solve these equations but
only if the boundary conditions are stronger than the conditions (1.2) which were
already known to be integrable.
6. Discussion
We have seen that the Sklyanin formalism can be generalized by replacing the an-
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tipode by an arbitrary linear or antilinear antiautomorphism. By choosing this anti-
automorphism to be transposition and using the Durham K-matrices [1] one obtains
the known boundary conditions (1.2). By choosing hermitian conjugation instead
and choosing K = 1 one obtains the new boundary condition (1.5).
We did not explicitly extract local integrals of motion in involution from the gen-
erating functional τ(λ). This might perhaps be done by extending the abelianization
formalism of Olive and Turok [17] to the situation with boundaries. Intuitively we
expect the charges carried by the solitons to take the same values as on the whole
line, determined by Freeman [9].
We are not claiming to have found all integrable boundary conditions. For
example it is probably possible to find more integrable boundary conditions involving
the time derivative of the field by using gauge transformed Lax pairs as in [2].
Gandenberger [11] has successfully determined the soliton-conjugating quantum
reflection matrices for the Durham boundary conditions (1.2) for g = sl(3). We
expect that it will be similarly possible to find the soliton-preserving quantum re-
flection matrices for our boundary condition (1.5) from the solutions of the reflection
equation given in [8].
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